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Tunnelling conductances observed for meso-
scopic Kondo systems exhibit a zero-bias peak
and two coherent side peaks. The former peak
is usually understood as a Kondo effect and the
latter side peak is recently clarified as the ef-
fect of inter-reservoir coherence. However, fit-
ting the experimental dI/dV line shapes, where
I and V denote the current and bias voltage, re-
spectively, has not been performed theoretically.
Here, we fit the entire line shape range of the tun-
nelling conductance observed for a quantum dot,
quantum point contact, and magnetized atom ad-
sorbed on an insulating layer covering a metal-
lic substrate by studying the tunnelling of en-
tangled Kondo singlet (EKS) formed in a two-
reservoir mesoscopic Kondo system. We also clar-
ify the characteristic dynamics forming each co-
herent peak in terms of the processes compris-
ing spin exchange, singlet hopping, and singlet
partner changing. Tunnelling of entangled Kondo
singlet can be applied to understanding the tun-
nelling conductance observed for a sample with
strong electron correlation.
Kondo-involved mesoscopic systems include a quan-
tum dot single-electron transistor (QDSET)1,2, quantum
point contact (QPC)3, and magnetized atom adsorbed
on a metallic substrate4. The observations of tunnelling
conductance for these systems were reported around the
same time. Such mesoscopic Kondo systems have been
further studied by applying a magnetic field5,6, varying
the gate voltage7,8, and covering a metallic substrate with
an insulating layer9,10. The tunnelling conductances ob-
served from these systems are characterized by a zero-
bias peak and two coherent side peaks, except for the
adsorbed magnetized atom without an insulating layer
in which the zero-bias peak is suppressed4. We study the
Kondo peak suppression in a separate work.
Interestingly, the central peak of the QDSET seems to
be a single peak2. However, we show in the following
text that the single peak comprises a zero-bias peak and
two side peaks. Hence, the mesoscopic Kondo systems
under consideration in this study have three coherent
peaks, i.e., a zero-bias peak and two side peaks. Legiti-
mate questions are then, “What is the origin of two side
peaks?” and “Why do the previous approaches using the
Keldysh formalism11,12, the real-time renormalization
group method13, quantum Monte Carlo calculations14,
and the scattering-state numerical renormalization group
method15 not show the side peaks?”. One of us (JH)
answered for these questions, and the answer was inter-
reservoir coherence16. The two side peaks signify the ef-
fect of inter-reservoir coherence and the previous studies
do not take it into account.
We study the two-reservoir Anderson impurity model
in a fully coherent state, in which the Kondo singlet is
entangled, as shown in Fig. 1a. The left and right Kondo
clouds in Fig. 1a are within the coherent region. The cru-
cial property of EKS tunnelling is moving together uni-
directionally similar to the superconducting Josephson
current. Backward scattering is allowed for a non-EKS
which is formed by breaking the inter-reservoir coher-
ence. Our previous study16 shows that the spectral func-
tion exhibiting a bias-dependent split Kondo peak11−15
is a characteristic of non-EKS state.
Our main purpose is to obtain the dI/dV line shapes
which fit the entire range of tunnelling conductances ob-
served for the abovementioned mesoscopic Kondo sys-
tems. A fitting as provided in this study has never been
reported previously. It is obvious that the line shapes
of tunnelling conductance observed by two-terminal
experiments2−10 for various mesoscopic Kondo systems
cannot be explained by the spectral functions exhibiting
a bias-dependent split Kondo peak which is observed by a
three-terminal setup17. Our secondary purpose is to un-
derstand the spin dynamics forming each coherent peak.
The spin dynamics of a two-reservoir mesoscopic Kondo
system is obtained from the eigenvector of the Liouvillian
matrix instead of the Hamiltonian matrix. The former
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FIG. 1: Spin dynamics in an entangled Kondo singlet.
a, Entangled Kondo singlet at equilibrium. b, Spin configu-
rations in singlet hopping. c, A spin state after exchange and
partner change from the right configuration of b. d, A spin
state after partner change and singlet hopping from the right
configuration of b. The dashed circle, “m”, and “E” denote
the Kondo cloud, mediating Kondo atom, and electric field,
respectively.
2matrix has been given in our previous study18. In con-
trast, the Hamiltonian matrix cannot be easily obtained.
We begin by discussing the dynamics of EKS tun-
nelling under bias. The spin exchange in a singlet is the
only coherent dynamics in a conventional single-reservoir
Kondo system at equilibrium. However, an additional
coherent dynamics plays an important role in a two-
reservoir mesoscopic Kondo system. We depict such new
dynamics, i.e., singlet hopping, in Fig. 1b. The next step
of Fig. 1b can be divided into two types: one includ-
ing the spin exchange process and the other excluding
it. The transition from Fig. 1b to Fig. 1c, which com-
prises singlet hopping, spin exchange, and singlet partner
change in order, is an example of the former type, while
the latter type, from Fig. 1b to Fig. 1d, is a successive
singlet hopping with singlet partner change. Singlet part-
ner changing is not a particle dynamics but an important
quantum process in a coherent state. The former tun-
nelling, denoted as EKS-1, occurs near zero bias because
spin exchange is the major dynamics in equilibrium. In
contrast, the latter tunnelling type, denoted as EKS-2,
occurs at a finite bias. The co-tunnelling without spin
exchange, i.e., EKS-2, is more effective than the EKS-
1 in forming coherent current. We analytically clarify
these properties of EKS tunnelling in the later part of
this study.
The important property of EKS tunnelling under bias
is moving together unidirectionally. This property of
EKS gives rise to the following three aspects: (i) ne-
glecting multiple spin exchange process, (ii) making lo-
cal density of states (LDOS) bias-independent unless a
quasiparticle is excited by bias, and (iii) excluding linear
response regime. These three aspects are crucial in un-
derstanding the transport in a mesoscopic Kondo system
under bias.
The tunnelling conductance at zero temperature is
written as
dI/dV = (e/2h¯)Γ˜[ρssm(eV/2) + ρ
ss
m(−eV/2)], (1)
where Γ˜ = ΓLΓR/(ΓL + ΓR) for the flat density of
states of the left (L) and right (R) metallic reservoirs
and ρssm(ω), where ss denotes the steady-state nonequilib-
rium, is the LDOS at the mediating Kondo atom. Equa-
tion (1) is derived from the well-known Meir-Wingreen
current formula19,20 using the proportionate coupling
function condition, ΓL ∝ ΓR, and the bias independence
of the LDOS. In other studies on Kondo-involved meso-
scopic systems21−23, a bias-independent ρssm(ω) has also
been adopted. The LDOS ρssm↑(ω) is given by ρ
ss
m↑(ω) =
(1/π)Re[(M)−1]mm, where M is the Liouvillian matrix
provided in the Methods section. We employ the two-
reservoir Anderson impurity model:
H = HL,R0 +H
L,R
C +
∑
σ
ǫmc
†
mσcmσ + Unm↑nm↓, (2)
where HL,R0 =
∑
k,σ(ǫk − µ
L,R)c†kσckσ, H
L,R
C =∑
k,σ(V
L,R
km c
†
mσckσ + V
L,R∗
km c
†
kσcmσ), and σ, ǫk, ǫm, Vkm,
U , and µ indicate the electron spin, kinetic energy, en-
ergy level of the mediating atom, hybridization strength,
on-site Coulomb repulsion, and chemical potential, re-
spectively, to study the two-reservoir mesoscopic Kondo
system under bias. We set V L,Rkm = V in this study.
We have shown in a previous study24 that neglect-
ing the basis vectors describing multiple spin exchange
is a good approximation to extract the core Kondo dy-
namics in a single-reservoir Kondo system at equilib-
rium. In an entangled two-reservoir system, the uni-
directional motion of EKS further validates neglecting
multiple spin exchange. Thus, we construct a working
Liouville space18,24 valid in the large-U regime, which is
spanned by a complete set {eˆp} comprising
{cLk↑, δnm↓c
L
k↑}, k = 0, 1, 2, · · · ,∞,
{δj+Lm↓ cm↑, δj
−L
m↓ cm↑, cm↑, δj
−R
m↓ cm↑, δj
+R
m↓ cm↑}, and
{δnm↓c
R
k↑, c
R
k↑}, k = 0, 1, 2, · · · ,∞,
where j−m↓ = i
∑
k(Vkmc
†
m↓ck↓ − V
∗
kmc
†
k↓cm↓), j
+
m↓ =∑
k(Vkmc
†
m↓ck↓ + V
∗
kmc
†
k↓cm↓), and δ indicates δA =
A− 〈A〉. The angular bracket denotes the average. The
δ is introduced to achieve orthogonality among the basis
vectors. For convenience, we omit the normalization fac-
tors 〈(δj±L,Rm↓ )
2〉1/2 and 〈(δnm↓)
2〉1/2 in the denominators
of the corresponding basis vectors. Thus, the fluctuations
are naturally involved.
We arrange the basis vectors in the order given above
and construct the matrixM. One can reduce the infinite-
dimensional matrix M to a 5× 5 matrix Mr5×5 by using
the matrix partitioning technique25. Then, the LDOS is
given by ρssm↑(ω) = (1/π)Re[(M
r
5×5)
−1]33, where
Mr5×5 =


−iω′ γ
LL
−ULj− γLR γj−
−γ
LL
−iω′ −ULj+ γj+ γLR
UL∗j− U
L∗
j+ −iω
′ UR∗j+ U
R∗
j−
−γ
LR
−γ
j+
−URj+ −iω
′ −γ
RR
−γ
j−
−γ
LR
−URj− γRR −iω
′


, (3)
ω′ ≡ ω − ǫm − U〈nm↓〉, and 〈nm↓〉 denotes the aver-
age number of down-spin electrons occupying the medi-
ating atom. In equation (3), all the matrix elements, ex-
cept for UL,Rj± , have additional self-energy terms −iΣpq =
−βpq[iΣ
L
0 (ω) + iΣ
R
0 (ω)], where Σ
L(R)
0 (ω) = −iΓ
L(R)/2
denotes the self-energy of H
L(R)
0 for a flat wide band.
The coefficients βpq appear in the process of matrix
reduction18. We use ∆ ≡ (ΓL + ΓR)/4 as an energy
unit.
The matrixMr5×5 in equation (3) consists of two 3× 3
blocks that share the central element representing the
mediating atom and two 2×2 blocks at the corners. The
three off-diagonal elements of the 3×3 block represent the
degrees of singlet coupling γ
LL(RR)
= 〈V̂ [j
−L(R)
m↓ , j
+L(R)
m↓ ]〉,
where V̂ =
∑
k iV (c
L
k↑+c
R
k↑)c
†
m↑, and the incoherent dou-
ble occupancy parameters UL,Rj± , whose explicit form is
given in ref. 18.
The 2 × 2 corner blocks describe inter-reservoir
3coherence16. The matrix elements are written as γ
LR
=
〈V̂
∑
r∈R
∑
l∈L |V |
2(c†l↓cr↓ + c
†
r↓cl↓)〉 and γj = γj∓ =
〈V̂
∑
r∈R
∑
l∈L |V |
2(c†l↓cr↓−c
†
r↓cl↓)〉, representing succes-
sive back and forth double hopping. The negative sign in
the antidiagonal element γ
j
indicates that it represents
the effect of bias, whereas the element γ
LR
having pos-
itive sign represents inter-reservoir coherent dynamics,
which is linearly independent of the γ
j
dynamics. The
unidirectional motion of EKS gives rise to the condition
γ
j
= γ
LR
when a bias is applied.
Now, we reproduce the experimental dI/dV line
shapes. Specifically, we choose the line shape of a QPC
with the closest side peaks given in Fig. 1(b) of ref. 8 and
scanning tunnelling spectroscopy (STS) for a Co atom
placed on a Cu2N layer covering a Cu (100) substrate in
ref. 9. These systems explicitly show both the zero-bias
peak and the two side peaks. For the QPC, we employ
the spontaneous formation scenario of a localized spin at
the bound state26,27. Therefore, the Hamiltonian for the
two-reservoir Anderson impurity model, equation (2), is
commonly applicable to these systems.
We obtain the line shapes in terms of the matrix
elements provided in Table I and the coefficients βpq
given below: Re[β12] = Re[β14] = Re[β15] = 0.247,
Re[β11] = Re[β22] = Re[β44] = Re[β55] = Re[β24] =
Re[β25] = Re[β45] = 0.253. Re[β33] is exactly unity.
These values are chosen based on the standard value 0.25,
which is the value at the atomic limit18. The difference
among Re[βpq] is attributable to the different signs for
the current, i.e., 〈j−Lm↓ 〉 = −〈j
−R
m↓ 〉 < 0. We superim-
pose our theoretical results on the experimental data in
Figs. 2a and 2b using the energy units ∆ = 0.5 meV for
Fig. 2a and ∆ = 3 meV for Fig. 2b. The fittings are
remarkable. Choi et al.10, who studied the same system
shown in the inset of Fig. 2b, observed two side peaks
which appear as shoulders in Fig. 2b. Therefore, the
theoretical dI/dV line shapes given in Figs. 2a and 2b
explicitly illustrate the two coherent side peaks, which
are attributed to inter-reservoir coherence16.
The values of the matrix elements are determined phe-
nomenologically because our operator formalism does not
directly determine the many-body parameters. For the
left-right symmetric system such as the QPC of Fig. 2a,
we choose ReULj+ = ReU
R
j+ . Also, we consider that j
+
contribution is larger than j− contribution and adopt
inequality ReUL,Rj+ > ReU
L,R
j− . Hence, we choose the val-
ues, as shown in Table I-2a. The STS setup of Fig. 2b
is left (substrate)-right (tip) asymmetric, and we adopt
the inequalities ReULj+ > ReU
L,R
j− > ReU
R
j+ for Fig. 2b,
from which the values in Table I-2b are chosen. In this
STS measurement, the insulating layer plays an impor-
tant role by which the degrees of Kondo couplings are
enhanced. The imaginary parts of βpq and U
L,R
j± vanish
at half-filling18, which is the case in this study.
Now, we obtain the dI/dV line shape of a QDSET in
the unitary regime2. The line shape structure of Fig. 3
T=60mK
V    =+5Vtop
FIG. 2: Comparisons between theory (red) and ex-
periment (black). a, Experimental data of the closest side
peaks reported in ref. 8. We choose Γ˜/∆ = 0.83 to obtain the-
oretical curve. b, STS line shape of ref. 9. We use arbitrary
units for theoretical curve. Inset shows the STS setup.
FIG. 3: Comparison of QDSET line shapes. The the-
oretical result (red) is superposed on the experimental data
(black) for a QDSET reported in ref. 2.
looks quite different from those two in Fig. 2 because
two coherent side peaks are not explicitly shown. The
broad side peaks are enhanced Coulomb peaks. The QD-
SET line shape is obtained by adopting relatively weak
Kondo couplings, as shown in Table I-3. Weak Kondo
coupling results in the side peaks being very close to
each other and causes large fluctuations in the denom-
inator of Re[βpq], which enhances the Coulomb peaks.
Because of left-right symmetry of QDSET, we adopt
ReULj+ = ReU
R
j+ and ReU
S,R
j+ > ReU
L,R
j− like the QPC,
as shown in Table I-3. We choose Re[βpq] to be 0.45
times the previous Re[βpq] and fit the experiment using
the energy unit ∆ = 0.11 meV. The small offset observed
in the field-induced peak splitting shown in refs. 5 and 6
demonstrates that the two side peaks are near each other,
and the peak at higher voltage becomes the major peak.
Table I: Matrix elements for Figs. 2 and 3.
Fig. γ
LL
γ
RR
γ
j,LR
ReUL,R
j−
ReUL
j+
ReUR
j+
ImUL,R
j±
2a 0.5 0.5 0.65 1.05 1.26 1.26 0
2b 0.8 0.7 0.43 2.8 7.0 1.62 0
3 0.008 0.008 0.15 0.52 0.525 0.525 0
4Lastly, we reveal the dynamics of EKS tunnelling from
the eigenvectors of the Liouvillian matrix iL, which is
given by using ω′ = 0 in equation (3). We study the
dynamics at the atomic limit, i.e., UL,Rj± = U/4 and
Σpq = 0 and use γLL = γRR = γ for simplicity. The
steady-state condition γ
j
= γ
LR
is definitely used. Then,
the Liouvillian matrix in the large-U regime has the
eigenvalues 0 (EKS-1), ±iγ (EKS-2), and ±iU/2 and
the corresponding eigenvectors [1,−1, 0,−1, 1]T (EKS-1),
[−1,±i, 0,∓i, 1]T (EKS-2), and [±1,±1, 0,±1,±1]T , re-
spectively. The superscript T denotes the transpose. The
channel at ω′ = −γ, which corresponds to the eigenvalue
iγ, is for hole tunnelling. Each element of the eigenvector
[1,−1, 0,−1, 1]T , for example, corresponds to the basis
operator j−Lm↓ cm↑, −j
+L
m↓ cm↑, cm↑, −j
+R
m↓ cm↑, and j
−R
m↓ cm↑,
respectively. The single reservoir Anderson model, which
involves only the spin exchange process as coherent dy-
namics, has an eigenvector [0,−1, 1]T with respect to
the eigenvalue 0. This indicates that the left three el-
ements or the right three elements in [1,−1, 0,−1, 1]T
describe the spin exchange process. In contrast, those
three elements in [−1,±i, 0,∓i, 1]T indicate that the spin
exchange process is prohibited in the EKS-2 tunnelling.
On the other hand, the singlet hopping, which is allowed
only in a two-reservoir Anderson model, is described by
the (1, 5) and (2, 4) pairs. Interestingly, the eigenvectors
show that the EKS-1 has an L−R symmetric singlet hop-
ping, whereas the EKS-2 has an L−R antisymmetric sin-
glet hopping. This fact is consistent with the double-well
problem, in which the antisymmetric combination has a
higher energy state than the symmetric combination.
In summary, we reveal that the two-reservoir meso-
scopic Kondo system has two different coherent trans-
port channels, i.e., EKS-1 and EKS-2. The former is
responsible for the zero-bias and the latter for the two
side peaks. Our results fit the experimental dI/dV line
shapes remarkably well. We also reveal from the Liou-
villian matrix that the fundamental difference between
EKS-1 and EKS-2 originates from different symmetry in
establishing entanglement. Our Liouvillian analysis may
be extended to explaining the tunnelling conductance for
a sample with strong electron correlation.
Methods
We use the operator formalism in the Liouville space in
which the LDOS at the mediating atom ρssm↑(ω) is writ-
ten as ρssm↑(ω) = −(1/π)ImG
+
mm↑(ω), where G
+
mm↑(ω) =
〈cm↑|(ω − L)
−1|cm↑〉. L is the Liouville operator defined
as LA = HA − AH, where H is the Hamiltonian and A
is an operator. The inner product is defined by 〈A|B〉 ≡
〈AB† + B†A〉, where B† is the adjoint of B. Hence, we
write ρssm↑(ω) = (1/π)Re[(M)
−1]mm, where the matrix
elements of M are given by Mpq = −iωδpq + 〈eˆq|iLeˆp〉.
The working Liouville space is spanned by a complete set
{eˆp} provided in the text.
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